Materials with sp-magnetism demonstrate strongly nonlocal Coulomb interactions, which opens a way to probe correlations in the regimes not achievable in transition metal compounds. By the example of Sn monolayer on SiC(0001) surface, we show that such systems exhibit unusual but intriguing magnetic properties at the nanoscale. Physically, this is attributed to the presence of a significant ferromagnetic coupling, the so-called direct exchange, which fully compensates ubiquitous antiferromagnetic interactions of the superexchange origin. Having a nonlocal nature, the direct exchange was previously ignored because it cannot be captured within the conventional density functional methods and significantly challenges ground state models earlier proposed for Sn/SiC(0001). Furthermore, heavy adatoms induce strong spin-orbit coupling, which leads to a highly anisotropic form of the spin Hamiltonian, in which the Dzyaloshinskii-Moriya interaction is dominant. The latter is suggested to be responsible for the formation of a nanoskyrmion state at realistic magnetic fields and temperatures.
Introduction. -sp-magnetism in two-dimensional and quasi-two-dimensional materials is an actively developing field of research, which promises exotic and highly tunable magnetic properties. Among them a large Rashba spin splitting [1, 2] , which is required for spintronics applications, is observed in Pb monolayer deposited on Ge(111) surface [3] . Another promising example is highspin graphene-based structures, such as triangulene [4] , that can be used for design of high-density ultrafast quantum nanodevices [5, 6] . As was shown theoretically in Ref. 7 , sp-electron magnets can have much higher Curie temperatures than conventional magnetic semiconductors. However, the experimental study of nanostructures with sp electrons is still a challenging task. The main complications of using standard techniques, such as spinpolarized scanning tunneling microscopy (SP-STM) [8] , come from the delocalized nature of magnetic moments in these systems. Recent STM experiments on hydrogen adatoms on graphene have shown that the spin-polarized state extends over several nanometers away from the hydrogen atoms providing the direct coupling between magnetic moments at long distances [9] .
On the theory side, there is still no consistent description of the magnetic moment in the sp surface nanosystems. A number of calculations based on density functional theory (DFT) [10, 11] predicted the antiferromagnetic ground state with the energy gap in the infrared region. However, the intrinsic inability of DFT to describe truly nonlocal interactions makes this method less applicable to sp systems, where magnetization density is not well localized at atomic sites. Particularly, strong overlap between the sp-wavefunctions can result in a considerable direct exchange interaction, comparable in magnitude with the conventional antiferromagnetic coupling. In the commonly used local spin density approximation, the effective magnetic field is determined only by magnetization density at the same point, which means the absence of direct exchange interactions [12] ; in this approximation, the exchange interactions arise only from the nonlocality of kinetic energy [13] corresponding to the superexchange. In this situation, description of spmagnetism at the level of Hubbard-like models appears to be more appropriate as it allows one to overcome the limitations of DFT and advance the understanding of magnetic properties in surface nanostructures.
Recently, it has been shown that adatom sp-electron systems such as Si(111):{C,Si,Sn,Pb} demonstrate a spin spiral state at zero magnetic field [14] due to strong spin-orbit coupling induced by heavy adatoms. Despite the prediction of a skyrmion state, unrealistically large magnetic fields (∼ 190 T) have been proposed. However, the microscopic analysis of magnetic interactions in these systems allows to propose a promising way to tune the material parameters in order to stabilize skyrmionic states achievable under realistic experimental conditions. Since the critical magnetic field for the skyrmion phase is scaled with the isotropic exchange interaction between nearest neighbors, the variation of magnetic couplings could be done by changing the chemical composition of the system.
Here, we propose the Sn adatom layer on SiC(0001) substrate to be an appealing candidate to observe the skyrmion state in STM experiments. We find that the ferromagnetic direct exchange coupling fully compensates the antiferromagnetic interaction of the superexchange origin. The resulting spin Hamiltonian turns out to be strongly anisotropic, with dominating Dzyaloshinskii-Moriya interactions. Finite temperature and magnetic field spin simulations demonstrate that such situation allows for the formation of highly tunable spin spiral and skyrmion states at realistic experimental conditions.
Atomic structure and DFT spectrum. -The simulated crystal structure of Sn/SiC(0001) system is visualized in Fig. 1 . It consists of a regular array of Sn atoms placed on top of three silicon carbide layers, and a hydrogen layer used to passivate the lowermost layer of the slab. Since the topmost layer of silicon is not passivated, there are uncompensated electrons in Sn/SiC(0001), whose noninteracting energy spectrum is characterized by a half-filled band located at the Fermi level. Given the absence of inversion symmetry (the C 3v point group), Kramers degeneracy is lifted resulting in a sizable band splitting at the Fermi energy. The calculation details are presented in Supplemental Material [15] . The full potential DFT calculations show that the band at the Fermi level is composed of the p states of Sn (18%), silicon p states (17%), and carbon p states (8%). Importantly, there is a large contribution of 47% coming from the interstitial states, which, as will be shown below, plays an essential role in the formation of magnetic properties in Sn/SiC(0001). Analysis of noninteracting magnetic solution. -Fullpotential DFT calculations show that the total magnetization calculated on a minimal ( √ 3 × √ 3) unit cell amounts to 1 µ B , which corresponds to the S = 1/2 state realized for the half-filled band. The partial contributions to the total magnetization are related to the composition of the states near the Fermi level. The magnetic moment of the Sn adatom is 0.22 µ B , while the interstitial contribution to the total magnetization is 0.45 µ B . To take into account the effect of the interstitial magnetization, it is instructive to describe the magnetic moments in Sn/SiC(0001) using the formalism of Wannier functions. Apart from the advantage of taking into account hybridization effects between different atomic states, this approach allows to quantify the spatial spread of magnetic orbitals and makes it possible to construct a minimal low-energy model, as was done in Ref. [16] .
Previous DFT studies [10, 11] were mainly focused on searching for the magnetic configuration corresponding to the minimum of the total energy. The collinear AFM configuration was proposed to be the magnetic ground state. However, previous studies did not succeed in constructing a microscopic model that can reproduce ground-state DFT results and did not describe excited states of the system in question. This is the main aim of our work. We analyze the total energies of different magnetic solutions simulated in earlier works [10, 11] by means of the simplest Heisenberg model on the triangular lattice, H = ij J ij S i S j . To this end, we use the total energy difference method. The details of such estimation are presented in Supplemental Material [15] . The calculated exchange interactions, 2.53 meV (between nearest neighbors) and 0.45 meV (between next-nearest neighbors) are antiferromagnetic, which originate from the Anderson's superexchange mechanism, J kin ij = 2t 2 ij U , where t ij is the hopping integral and U is the on-site Coulomb interaction. Importantly, the kinetic exchange interaction in Sn/SiC(0001) is about five times smaller than that in Si/Si(111), which provides the conditions toward the stabilization of magnetic skyrmions at realistic magnetic fields. The obtained agreement between superexchange theory and total energy difference results indicates that the antiferromagnetic state reported earlier for Sn/SiC(0001) was of the superexchange origin. However, due to spatial delocalization of the magnetic orbital described above, it is important to consider another mechanism arising from the overlap of Wannier functions, namely, the direct exchange.
Direct exchange. -Using the calculated Wannier functions, we have estimated the direct exchange interaction introduced by Heisenberg [17] to explain the ferro-
where W i (r) is the Wannier function centered on ith site. Being negligibly small in most of the materials with localized magnetic moments, this coupling plays an important role when the antiferromagnetic interactions are suppressed, as it takes place in some copper oxides [18] , where the Wannier functions describing magnetic moments strongly overlap. For Sn/SiC(0001) we found the bare (unscreened) value of the direct exchange interaction to be 5.2 meV, which is considerably larger than the antiferromagnetic exchange of 1.42 meV es-timated from superexchange theory [15] . Taking into account the effects of screening as well as interactions with next-nearest neighbors does not change the balance between antiferromagnetic and ferromagnetic couplings in the Sn/SiC(0001) system. Therefore, the mean-field ground state of the Sn/SiC(0001) model without spinorbit coupling is ferromagnetic, which questions previous scenarios for magnetic properties.
It is worth noting that the standard (semi-)local formulation of DFT does not capture the Heisenberg direct exchange interaction between two different points in space. This is because the variation of the exchange energy splitting on magnetization δE/δm(r) is locally defined, meaning that it is not zero only at the same point r. To overcome this issue, we construct a magnetic model of Sn/SiC(0001) in such a way that it takes into account both the direct exchange interaction and spin-orbit coupling. The latter, as shown in Ref. 11, strongly affects the noninteracting electronic spectrum near the Fermi level, inducing the splitting of the half-filled band. At the same time, the effect of spin-orbit coupling on magnetic properties of the system remains almost unknown. We found that in view of the compensation of the isotropic exchange interactions, the Dzyaloshinskii-Moriya interaction formed by spin-orbit coupling represents the largest energy scale for magnetic excitations in Sn/SiC(0001).
Anisotropic spin Hamiltonian. -The search for correlated systems that are physical realizations of spin Hamiltonians demonstrating unusual magnetic phases is in the focus of condensed matter physics. Exotic magnetic phenomena come into play mostly upon consideration of long-range interactions leading to magnetic frustration, or in the situations when the source of ordinary (ferro-/antiferro-) magnetism, i.e., the isotropic exchange interaction, is suppressed. In the latter case, the excitation spectrum is mainly determined by anisotropic interactions. One remarkable example is α-RuCl 3 [19] that is characterized by a strong bond-dependent Kitaev term in the magnetic Hamiltonian. For Sn/SiC(0001), we found that the anisotropic antisymmetric exchange interaction governs magnetic properties of the system. Taking into account the compensation of the ferromagnetic and antiferromagnetic contributions to the isotropic exchange interaction in Sn/SiC(0001), it is instructive to construct and study strongly anisotropic form of the spin Hamiltonian.
We now turn to the low-energy Hubbard model taking into account direct exchange, spin-orbit coupling, and non-local Coulomb interactions [15] . The solution of the electronic Hamiltonian within the Hartree-Fock approximation results in the opening of an energy gap of 2 eV, in agreement with experiment [11] . Further, we consider an extended spin model for Sn/SiC(0001): and estimate the corresponding parameters by using superexchange theory. In Eq. (1),Ŝ is the spin operator,
Γ ij are the isotropic exchange coupling, antisymmetric anisotropic (Dzyaloshinskii-Moriya), and symmetric anisotropic interactions, respectively. The symmetry of the obtained Dzyaloshisnkii-Moriya interactions is visualized in Fig. 2 .
The calculated Dzyaloshinskii-Moriya interaction between nearest neighbors (|D 01 | = 0.7 meV) is about two times larger than the resulting isotropic exchange interaction, J ij = J kin ij − J F ij = -0.31 meV, which is ferromagnetic. This suggests Sn/SiC(0001) to be a physical realization of the system with dominant DzyaloshinskiiMoriya interactions. The model also contains symmetric anisotropic interactions expressed as a Γ tensor, which defines the easy axis for each pair of magnetic moments. The principal axis of Γ coincides with the direction of the corresponding Dzyaloshinskii-Moriya interaction, as follows from the single-band origin [20] of the magnetic interactions in Sn/SiC(0001).
Nanoskyrmion state. -To explore the properties of the strongly anisotropic spin Hamiltonian constructed for Sn/SiC(0001), we perform classical Monte Carlo simulations at finite temperatures and magnetic fields. Such calculations demonstrate the existence of characteristic spin spiral and skyrmion states at realistic magnetic fields and temperatures (see Fig. 3 ). The lowest critical magnetic field needed for the skyrmion lattice state formation is about 7 T. In turn, the temperature maximum for the skyrmion phase in Sn/SiC(0001) is about 1 K, which is also within the experimental range [21] . The dominant character of DMI makes the formation of compact skyrmions possible, with the radius of a few lattice constants.
To stimulate further experimental studies, we model the spin-polarized STM spectra within the TersoffHamann theory [22? ] . The results are shown in Fig. 4 . At realistic experimental parameters, we observe a striking contrast in the STM images between the patterns corresponding to nonmagnetic, spin spiral, and skyrmion states. Therefore, the distinct magnetic phases can be distinguished by means of available experimental instruments.
One important aspect for detecting the magnetic patterns in real SP-STM experiments is the existence of magnetic anisotropy, which couples spin to the lattice [23] , and produces the spin-polarized contrast in STM images. Particularly, the anisotropy must be large enough to prevent temperature fluctuations of individual magnetic moments. While in our S = 1/2 case there is no single-ion anisotropy, the intersite symmetric anisotropic exchange exists. To quantify the effect, we use the molecular field theory [24] , and summarize all the pair symmetric anisotropic exchange interactions for a given spin assuming that the spins are collinear,
2 . The obtained value of E anis is equal to 3.3 K. Our estimate for Sn/SiC(0001) is much smaller than that for surface nanosystems, where S > 1 2 allowing for single-ion anisotropy [23] . We expect a strong enhancement of the intersite anisotropy by replacing Sn with heavier group IV elements. For instance, in the case of Pb/Si(111) [14] the anisotropy energy can be estimated to be around 32 K.
Conclusion. -We have explored magnetic properties of the Sn/SiC(0001) system on the basis of a generalized Hubbard model taking into account spin-orbit coupling, non-local Coulomb and exchange correlations. We found that Sn/SiC(0001) falls into an unusual regime of magnetic parameters, allowing for the existence of practically interesting phenomena, including spin spiral and skyrmion phases. Systematic theoretical characterization of Sn/SiC(0001) allowed us to suggest realistic experimental conditions, at which spin-polarized STM measurements can be performed to detect these phases.
Supplemental Material: Nanoskyrmion engineering with sp-electron materials:
Sn monolayer on SiC(0001) surface
DETAILS OF DFT AND DFT+SO CALCULATIONS
Electronic properties of the Sn/Si(0001) system were simulated within generalized gradient approximation (GGA) using the Perdew-Burke-Ernzerhof (PBE) exchange-correlation functional [S1] as implemented in the Quantum Espresso [S2] and Vienna ab-initio simulation package (VASP) [S3, S4] with plane-wave basis set. The calculation parameters are as follows. The energy cutoff equals to 500 eV and the energy convergence criteria is 10 −8 eV. For the Brillouin zone integration a 20×20×1 Monkhorst-Pack mesh was used. A vacuum space of 16Å between unit cell replicas in the vertical z direction was introduced. The optimized atomic positions and the band structure of the nonmagnetic ground state are in good agreement with previous works [S5, S6] . In particular, the corresponding Sn-Si and C-C distances are 2.05Å and 0.18Å, respectively. The distance between nearest neighbor adatoms is 5.32Å, which is smaller than that for the Sn/Si(111) system, 6.61Å. Fig. S1 shows the calculated electronic spectrum of the Sn/Si(0001) system. The width of the energy band at the Fermi level is 0.29 eV, which is smaller than the corresponding value of 0.45 eV in Sn/Si(111). Taking into account spin-orbit coupling leads to the energy splitting, which is in agreement with Ref. S5 . To construct the low-energy tight-binding model in the Wannier functions basis, we use the procedure of maximal localization [S7, S8] implemented in wannier90 package [S9] . The resulting Wannier function is well localized with the corresponding spread of 7.9Å 2 , which is about twice as small as in Sn/Si(111), 16.8Å 2 [S10] . This difference can be explained by the fact that the Wannier function in Sn/SiC(0001) is less hybridized with the slab compared to Sn/Si(111). A significant delocalization of the electronic density (Fig. S1 ) suggests that magnetic properties cannot be reliably described only by using the atomic wave functions.
CONSTRUCTION OF THE LOW-ENERGY MODEL
Electronic model. In order to study the electronic and magnetic properties of the Sn/SiC (0001) 
where i(j) and σ(σ ) are site and spin indices; t σσ ij is the element of the hopping matrices with spin-orbit coupling; K ijkl represents the element of the Coulomb interaction matrix. To define the model parameters, we used the stateof-the-art approaches based on the Wannier functions formalism, which are described below.
Coulomb interactions. In the static limit (ω = 0), the bare value of the four-element Coulomb integral in the basis of Wannier functions W i (r) can be defined as:
Here, we consider the on-site and inter-site Coulomb interactions, V ii = K iiii and V ij = K ijij , respectively, as well as the nonlocal direct exchange interaction, J
To capture the effects of screening, we adopt a numerical procedure previously applied to sp systems [S11, S12] . Particularly, we use the constrained random phase approximation (RPA) [S13] :
where P (q) is the static single-particle polarizability function:
In Eq. S4, k = k + q, summation runs over the Brillouin zone including transitions from occupied m to unoccupied n states. Account of all possible transitions from occupied to empty states gives the fully screened value of the corresponding Coulomb integrals. At the same time, excluding "self-screening" transitions for the band at the Fermi level gives a partially screened value of κ(q) [S14] . Here, Ω is the volume of the unit cell; mk and Φ mk stand for the eigenvalues and eigenvectors of the full DFT Hamiltonian, respectively; η is a numerical smearing parameter chosen to be 10 meV. The bare V , partially screened U and fully screened W values of the on-site and inter-site Coulomb interactions were evaluated for Sn/SiC(0001), and are presented in Table I . For comparison, we calculated the bare and screened values of the Coulomb interactions in Sn/Si(111). The obtained results are in good agreement with reported previously values [S15] . For both systems, the bare parameters at long distances follow the classical Coulomb law e 2 /r. For nearest and next-nearest neighbors, the deviation from the e 2 /r law can be explained by the fact that a particular shape of the constructed Wannier functions plays a dominant role when calculating their couplings. At the same time, at long distances the corresponding Wannier functions can be considered as point-like objects and their particular form is not important. Dependence of the Coulomb interactions on screening is almost the same for both the on-site and inter-site interactions (Fig. S2) .
Generally, the direct exchange interaction parameter J F ij is relatively small compared to the on-site and inter-site Coulomb integrals. As a consequence, the application of the cRPA scheme requires an extremely accurate integration over the Brillouin zone in order to calculate the polarizability function (Eq. S4), which is computationally challenging. We estimated the bare value of the direct exchange interaction, J F (bare) 01 = 5.20 meV, that defines the upper boundary for this coupling. To take into account the effects of screening, we used the renormalization factor of 3 obtained for the on-site and inter-site Coulomb interactions. Thus, one obtains J
/3 = 1.73 meV. This value was used to define the total exchange interaction.
Hopping integrals. The calculated hopping parameters t σσ ij in the Wannier functions basis are shown in Table II . Their diagonal parts are in excellent agreement with previously reported values obtained without spin-orbit coupling [S5] . As will be shown below, significant non-diagonal elements of the hopping matrix in spin space indicate that there are strong anisotropic magnetic excitations. 
HARTREE-FOCK SOLUTION
The Hartree-Fock method provides the simplest approximation to the many-body problem [S16] . Within this approach, the electronic model given by Eq. S1 is solved as:
wheret k is the Fourier transform of the hopping parameterst ij ,V H k andĴ H k are the Hartree-Fock potentials describing the Coulomb and direct exchange interactions, respectively, ε k and |ϕ k are the corresponding eigenvalues and eigenvectors in a given basis; a self-consistent solution of Eq. (S5) is achieved with respect to the density matrix:
In our study, we simulated four magnetic structures: ferromagnetic (FM), 120
• -Néel (or 120
• -AFM), collinear row-wise (cRW or cAFM) and 120
• row-wise (120 • -RW) structures for 3 × 3 unit cell. Due to strong spin-orbit couping, the FM and cRW configurations are found to be unstable. Having compared the energies of the noncollinear solutions, we conclude that the 120
• -RW state corresponds to the ground state of the Sn/SiC(0001) system (Fig. S3 ). The calculated density of states (DOS) has the insulating gap of 2.0 eV, which is in excellent agreement with the results of photoemission experiment [S5] . (0001) as obtained by using the Hartree-Fock approximation for the full model (Eq. S1). The ground-state magnetic order is shown in the inset.
CONSTRUCTION OF THE SPIN MODEL
To explore the excited magnetic states of the Sn/SiC(0001) system, we construct the spin model, given by Eq. 1 in the main text. The parameters of this model are estimated at the level of the superexchange theory [S17] . Particularly, the isotropic term consists of the antiferromagnetic kinetic part J kin ij and the screened direct exchange interaction J F ij :
wheret ij is the hopping integral with spin-orbit coupling, the effective local Coulomb interaction, U is estimated as U = U − V ij . The non-local Coulomb interaction plays a significant role for nearest neighbor interactions only. For the long-range interactions, its value is further reduced due to the exponential decay of the Wannier functions overlap and screening effects. The calculation gives J 01 = 1.42 − 1.73 = −0.31 meV, whereas for the next-nearest interaction J 02 = 0.21 meV.
As for the anisotropic part of the magnetic model, the antisymmetric Dzyaloshinskii-Moriya (DM) and symmetric anisotropic exchange interactions are given by [S18] :
where σ are the Pauli matrices. The DMI vectors depicted in Fig. 2 
The tensors for the rest of the bonds can be obtained by 60
• −rotations around the z axis.
ANALYSIS OF THE DFT MAGNETIC MOMENTS AND TOTAL ENERGIES
In order to elucidate the magnetic structure and capture the strong delocalization effects, we performed the calculations by using an all-electron full-potential linearized augmented-plane wave method (FP-LAPW) implemented in the ELK code [S19] . Without spin-orbit coupling a significant interstitial contribution to the band at the Fermi energy (Fig. S1 ) was revealed. It is interesting to note that the magnetic moment has a similar composition. Spin-polarized calculations for the ferromagnetic state give 1 µ B , which contains only ∼50% of the total moment at muffin-tin spheres, while the other half belongs to the interstitial area (Table. III) . [S5, S20] . Arrows represent the directions of local magnetic moments. Red circles denote the magnetic unit cell.
In the previous calculations [S5, S6] , the authors considered ferromagnetic (FM), ferrimagnetic (FI) and two antiferromagnetic magnetic configurations: collinear (cAFM) and non-collinear 120
• (120 • -AFM) ordering (Fig. S4) . It was reported that cAFM corresponds to the minimum of the total energy in Sn/SiC(0001). By using the calculated total energies of different magnetic configurations it is possible to estimate the individual magnetic interactions, between nearest and neighbors, J 01 and J 02 , respectively. For that purpose, we consider the Heisenberg spin Hamiltonian H = ij J ij S i S j . For convenience, a 3×3 unit cell is used. In this case, the energies for these magnetic configurations can be written in the following form:
Here, the energies E F M , E cAF M and E F I are given per √ 3 × √ 3 unit cell. From these equations one can derive the expressions for nearest and next-nearest neighbors isotropic exchange interactions:
The resulting interactions are given in Table IV in the main text.
MONTE CARLO SIMULATION
Monte Carlo simulations were performed by using the heat-bath method combined with overrelaxation [S21] . The corresponding model parameters are given up to next-nearest neighbors. In these calculations, supercells of various sizes from N = 96 × 96 to 150 × 150 spins with periodic boundary conditions were used, and a single run contained (0.5−2.0)·10
6 Monte Carlo steps. For initial relaxation the system is gradually cooled down from higher temperatures. 
SCANNING TUNNELING MICROSCOPY (STM) SIMULATIONS
Spin-polarized scanning tunneling microscopy technique [S22] is a powerful tool for exploring distinct spin textures on a surface, such as spin spirals or skyrmions. Theoretical background for such experiments was developed in Refs. [S23, S24] . According to these studies, the tunneling current can be written in the following form:
where n( ) stands for the tip's DOS, N (r, ) is the DOS of the surface. The magnetic part of the tunneling current contains the tip's and surface magnetization densities, m( ) and M (r, ), respectively. V denotes the bias applied to the sample. To define the electronic and magnetization densities, we employed the calculated Wannier functions, W (r). It allows us to take into account the delocalization of the electronic state and magnetic moment. Thus, one has N (r, ) = |W (r)| 2 N loc ( ) and M (r, ) = |W (r)| 2 M loc N loc ( ), where N loc ( ) and M loc is the local DOS and magnetic moment of adatom obtained from DFT calculations and Monte Carlo simulations, respectively. Practically, we assumed that the tip's DOS n( ) and magnetization m( ) do not depend on energy.
